Drinfeld Moduli Schemes and Infinite Grassmannians  by Álvarez, A.
Journal of Algebra 225, 822–835 (2000)
doi:10.1006/jabr.1999.8158, available online at http://www.idealibrary.com on
Drinfeld Moduli Schemes and Infinite Grassmannians1
A. A´lvarez
Departamento de Matema´ticas, Universidad de Salamanca, Plaza de la Merced 1-4,
Salamanca 37008, Spain
E-mail: aalvarez@gugu.usal.es
Communicated by Wolfgang Soergel
Received September 3, 1999
1. INTRODUCTION
The aim of this paper is to relate Drinfeld modules [DeH], [Dr1],
[Gk], [L], : : : with the theory of KP equations. For this we construct an im-
mersion of the Drinfeld moduli schemes in an adelic infinite Grassmannian.
In this way, Drinfeld moduli schemes will be locally closed subschemes of
this Grassmannian (in [BlSt] one can find an introduction to the theory of
KP equations and the theory of Drinfeld modules).
This result is derived from two previous results: the first is that the mod-
uli functor of vector bundles with certain level structures (defined below)
over an algebraic curve, is representable in a natural way, by a closed sub-
scheme of an infinite Grassmannian. It is obtained bearing in mind a rel-
ative Krichever morphism [Ml], [Q], [SW]. The second is an equivalence
(see [BlSt], [C], [Dr2], [LRSt], [Mu], [St]· · ·) between Drinfeld modules
and diagrams of vector bundles called “elliptic sheaves.” This equivalence
is extended for level structures in [An1].
These results allow us to consider Drinfeld modules with level structures
as diagrams similar to those of [DeL].
With the considerations presented here, in [Al] we show more relations
between elements of the theory of KP equations and Drinfeld modules:
Baker’s function, Schur pairs, etc. This issue is also studied in [An2].
Let us now state the contents of the different sections of this paper.
In the second section, we study a representable functor associated with
1 This work is partially supported by the CIGYT research contract PB91-0188.
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the usual notion of Sato’s infinite Grassmannian. Moreover, it generalizes
the finite Grassmannian. In the third section, we consider the Krichever
morphism over an arbitrary scheme and conclude that the moduli functor of
vector bundles (over a curve) with certain level structures is representable
by a closed subscheme of the infinite Grassmannian scheme, defined in the
foregoing section. In the fourth section, we show that the moduli functors
of Drinfeld modules with level structures (or equivalently, elliptic sheaves
with twisted level structures (see Remark 3)) are representable by locally
closed schemes of the infinite Grassmannian scheme.
LIST OF NOTATION AND PREVIOUS DEFINITIONS
k is an arbitrary field.
⊗ denotes ⊗
k
.
q is a finite field of q elements (q = pm, p prime).
X is a smooth, proper and geometrically irreducible curve over q.
D is an effective divisor over SpecA.
ID is the ideal in A associated with D.
O∞ is the stalk of OX in ∞ ∈ X.
g is the genus of X.
∞ is a rational point of X.
A = H0X − ∞;OX.
X is the sheaf of the differentials on X.
S is an arbitrary scheme over k.
ks is the residual field of s ∈ S.
pi is the natural projection X × S→ S.
i is the natural inclusion SpecO∞ × S→ X × S.
OX×SD denotes OXD⊗OS .
M is a vector bundle of rank n over X × S.
degMs denotes the degree of the vector bundle, Ms, over X × ks.
σ is the Frobenius endomorphism over S (σλ = λq).
σ∗: is the inverse image by σ of the sections on S of a sheaf defined
in the category of q-schemes.
F = Id× σx X × S→ X × S.
aS is the additive line group over S.b∞ denotes the ring of adeles outside ∞.
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bO∞ = lim←−
I 6=0
I ideal of A
A/I.
bO∞S is the sheaf of OX×S-modules lim←−
D>0
∞ 6∈ suppD
OX/OX−D⊗
k
OS .
bA∞S is the sheaf of OX×S-modules bO∞S ⊗
OX×S
i∗O∞ ⊗ OS.bO∞S denotes the sheaf of OS-modules pi∗bO∞S .bA∞S denotes the sheaf of OS-modules pi∗ bA∞S .
2. PRELIMINARIES ON SATO’S INFINITE GRASSMANNIAN
Let V be a vector space over a field k and A;B vector subspaces of V .
Definition 2.1. Two vector subspaces A;B of V are said to be com-
mensurable if A+ B/A ∩ B is a vector space over k of finite dimen-
sion. [T].
Let us consider a collection, F = Vii∈I , of subspaces of V , such that
∩iVi = 0 and Vi is commensurable to Vj , for all i; j. It is possible to define
a Haussdorf topology in V (Tate’s topology) by considering F as a basis of
neighborhoods of 0.
A ∼ F will denote an open subspace of V commensurable with all the
Vi (or equivalently with one of the Vi).
Definition 2.2. The completion of V with respect to the F-topology is
defined by bV = lim←−
A∼F
V/A:
Analogously, given a vector subspace B ⊆ V we can define the comple-
tions of B and V/B with respect to B ∩ F = A ∩ Vii∈I and B+ F/B =
B + Vi/Bi∈I , respectively.
Example
• V; F = 0; V is complete.
• V = kt; F = tnktn∈; V is complete.
• Let X;OX be a smooth, proper, and irreducible curve over the
field k, and let V be the ring of adeles of the curve and F = IQpcOpI⊂OX
( cOp being the mp-adic completion of the local ring of X at the point p)
and I non-zero ideals of OX ; V is complete with respect the F-topology.
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Definition 2.3. Given a k-scheme S and a vector subspace B ⊆ V , we
define the sheaves over S:
• bVS = lim←−
A∼F
V/A⊗
k
OS:
• bBS = lim←−
A∼F
B/A ∩ B⊗
k
OS.
• dV/BS = lim←−
A∼F
V/A+ B⊗
k
OS.
We have the exact sequence ([Ha, II.9.1 and II.9.2.1]):
0→ bBS → bVS →dV/BS:
Note that bVS and bBS are not quasicoherent OS-modules whiledV/BS is.
A discrete vector subspace of V is a vector subspace, L ⊆ V , such that
L∩Vi and V/L+ Vi are k-vector spaces of finite dimension (for some i ∈ I).
Definition 2.4. A discrete submodule of bVS with respect to Tate’s
topology for F is a subfunctor, L ⊂ bVS , in the category of S-schemes,(i.e,
for each S-scheme, S′ → S, LS′ ⊂ bVSS′), given by a quasicoher-
ent sheaf, L , of OS-modules satisfying the condition that for each s ∈ S
there exists an open neighborhood Us of s and an open commensurable
k-vector subspace B ∼ F , such that LUs ∩ bBUs is free of type finite andbVUs/LUs + bBUs = 0:
Given V and F , we define the Grassmannian functor over the category
of k-schemes by
GrV; FS =
(
discrete sub-OS-modules of bVS with
respect to the Tate’s topology for F
:
Remark 1. Note that if V is a finite dimensional k-vector space and
F = 0, then GrV; 0 is the usual Grassmannian functor defined by
Grothendieck [EGA]. (L is a subfuntor of V ⊗ OS in the category of S-
schemes if and only if V ⊗ OS/L is flat.)
Theorem 2.5. ([BlSc], [Gi], [AMP]). The functor GrV; F is repre-
sentable by a k-scheme GrV; F.
Proof. By considering for each B ∼ F and Lo transversal to B, we con-
sider the representable functors FBS = HomOSLoS;bBS and hence ob-
tain an open covering of schemes for GrV; F.
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Setting V + ∼ F , the index of an element L ∈ GrV; FS, is defined as
the locally constant function iL x S→ :
iLs = dimksLs ∩ cV +s − dimksbVs/Ls + cV +s:
Remark 2. Let GrdV; F be the moduli scheme of discrete submodules
of index d. One then has
GrV; F = a
d∈
GrdV; F:
For further details about this construction see [AMP].
For our purpose F ′ = IbO∞nI⊂A and V = b∞n (I 6= 0 ideal of A).
We now denote Grb∞n; F ′ by Grb∞n; bO∞n.
3. THE KRICHEVER MORPHISM AS A CLOSED IMMERSION
IN SATO’S INFINITE GRASSMANNIAN
We shall denote by OM∞ the sheaf on S, pi∗i∗MSpecO∞×S.
Definition 3.1. A D-level structure on S, M;fD, is a surjective mor-
phism of sheaves of OX×S-modules
fDx M → OX/OX−Dn⊗
k
OS:
Two D-level structures, M;fD and M ′; fD′ , are said to be equivalent
if there exists an isomorphism of sheaves of OX×S-modules, φx M → M ′,
such that fD = fD′ ·φ.
Let us call MnD the moduli functor of D-level structures.
Definition 3.2. A ∞′-formal level structure on S, M;f∞, is an ele-
ment of bMn∞S = lim←−
D>0
∞ 6∈ suppD
MnDS:
The∞′-formal level structure on S, M;f∞, can be seen as a morphism
of OX×S-modules f∞x M → bO∞S , such that over the completion, bM , of M
along IDD>0, f
∞x bM ∼→ bO∞S is an isomorphism.
Proposition 3.3. If M;f∞ is a ∞′-formal level structure on S, we can
obtain an exact sequence of sheaves of OX×S-modules:
0→M −→ i∗MSpecO∞×S
¯f∞−→ bA∞S /bO∞S n→ 0
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¯f∞ being the composition of the morphism f∞ ⊗ 1,
M ⊗
OX×S
i∗O∞ ⊗ OS = i∗MSpecO∞×S −→ bO∞S n ⊗OX×Si∗O∞ ⊗ OS = bA∞S n
with the natural projection bA∞S n→ bA∞S n/bO∞S n.
Proof. This exact sequence is obtained by tensoring by M the sequence
of OX×S-modules,
0→ OX×S
h−→ i∗O∞ ⊗ OS
j−→ bA∞S /bO∞S → 0;
where h and j are the natural morphisms.
By tensoring this exact sequence by OXD and taking pi∗, we obtain
pi∗MD = OM∞ ∩ bO∞S Dn R1pi∗MD = b∞S n/OM∞ + bO∞S Dn:
(OM∞; bO∞S Dn ⊂ b∞S n) with bO∞S D = pi∗bO∞S ⊗
OX×S
OX×SD. One can
also find this result in [BeL].
Lemma 3.4. There exists a natural morphism of functors in the category
of k-schemes
ϕx bMn∞ → Grb∞n; bO∞n
with ϕM;f∞ = pi∗f∞ ⊗ 1OM∞.
Proof. ϕ is obtained from [Ml, SW] with an adaptation for our case and
using the following vanishing theorem.
Theorem 3.5. If M is a locally free sheaf of rank n on X × S, there exists
an affine open covering Uii∈I of S and effective divisors Di over X − ∞,
with degDi >> 0, such that R1pi∗MDiUi = 0 and pi∗MDiUi is a
free sheaf of OUi -modules of finite type. Moreover, there exists a divisor, D
′
i,
over X with degD′i << 0, such that pi∗MD′iUi = 0.
Proof. Classically, this result is proved by assuming that S is Noetherian.
It is possible to avoid the Noetherian hypothesis, because an exact sequence
of modules over a ring
0→M ′ →M →M ′′ → 0
is split when M ′′ is free. Moreover, if M is free M ′ is locally free.
Theorem 3.6. Let F be the subfunctor of the infinite Grassmannian de-
fined by
F S = L ∈ Grb∞S n; bO∞S nSx are O∞-modules:
There exists a natural morphism of functors: T x F → bMn∞, such that T ◦ϕ =
IdbMn∞ and ϕ ◦ T = IdF . The definition of T will be clear from the proof.
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Proof. We must associate a ∞′-formal level structure M;f∞ with L:
with L , we can obtain a quasicoherent OX×S-module, i∗L˜, where L˜ is the
quasicoherent module over SpecO∞ × S given by L . Moreover, from the
inclusion L ⊂ b∞S n and the definition of L˜ it is possible to deduce a
morphism of sheaves of OX×S-modules:
gx i∗L˜ →  bA∞S n:
Moreover, since L is a discrete submodule, there exists an affine open
covering Uii∈I of S, and Di effective divisors over X − ∞, such that
∗ bA∞Uin/bO∞Ui Din + i∗L˜X×Ui = 0:
Therefore, the morphism of quasicoherent sheaves of OX×S-modules
g¯x i∗L˜ →  bA∞S n→ bA∞S n/bO∞S n
is surjective because (*) and OX×SDi are faithfully flat OX×S-modules.
Let M be the quasicoherent sheaf defined by Kerg¯. M has associated,
in a natural way, an∞′-formal level structure, f∞: this is deduced from the
commutative diagrams
0 M i∗L˜ bA∞S n/bO∞S −Dn 0
0 M−D i∗L˜ bA∞S n/bO∞S −Dn 0
g¯
g¯−D
=
for each D ⊂ X − ∞ and the snake Lemma.
To finish the proof, the two Lemmas below show that M is locally free
of rank n over X × S. Then, T L will be defined by M;f∞.
From the very definition of T and ϕ, it is not hard to prove that T ◦ ϕ =
Id bMn∞ and ϕ ◦ T = IdF .
From the exact sequence
0 −→MD′ −→ i∗L˜
g¯D′−→ bA∞S n/bO∞S D′n −→ 0
because L is a discrete submodule, we deduce for degD′  0 that
pi∗MD′ is locally free on S and R1pi∗MD′ = 0.
Lemma 3.7. For D′ with degD′  0, MD′ is locally generated by
global sections, and for each s ∈ S, Ms = M ⊗OS ks is a coherent locally
free sheaf of rank n on X × ks.
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Proof. Because of the previous remark, we can assume pi∗M to be lo-
cally free and R1pi∗M = 0.
The first statement can be deduced bearing in mind that
M = 0∗M∼ =

⊕
r
H0MrD
∼
[Ha, II.5.15] and
pi∗MmD/M ' pi∗MmD/pi∗M
for m ∈ .
We know that Ms ⊂ i∗L˜s ⊂ bA∞ksn (L ⊂ b∞S n in the category of S-
schemes). Thus, Ms is a torsion free finite generated OXs -module and hence,
from the last result, it is locally free of finite type, and since Ms/Ms−D =
OXs/OXs−Dn it is of rank n.
From these last statements we deduce that if S is locally Noetherian, M
is locally of finite presentation and thus M is locally free of rank n. If S is
not locally Noetherian, we have to prove this by other methods:
Lemma 3.8. M is a locally free sheaf of rank n on X × S.
Proof. We can assume that k is algebraically closed, S = SpecB, p ∈
SpecA with H1X × SpecB;M−p = 0, H0X × SpecB;M a B-
module locally free of finite rank, and that there exists a surjective mor-
phism of sheaves
OX ⊗H0
(
X × SpecB;M→M → 0: (3.8.1)
By taking global sections in the exact sequence
0→M−p →M fp→ OX/OX−pn → 0;
deduced from the level structure M →fp OX/OX−pn ⊗ B, we obtain an
exact sequence of B-modules
0→ H0(X × SpecB;M−p −→ H0(X × SpecB;M fp−→ Bn→ 0:
(3.8.2)
Let t1; : : : ; tn be elements of H0X × SpecB;M such that their images
by the morphism fp are a basis of Bn. Let us consider the natural morphism
t1OX ⊗ B ⊕ · · · ⊕ tnOX ⊗ B →M:
This morphism is injective since M/mkpM = OX/mkpOXn ⊗ B, for all
k ∈ .
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In conclusion, given y ∈ X × SpecB (y is not necessarily of the form
p × s) it suffices to find elements t ′1; : : : ; t ′n ∈ H0X × SpecB;M
such that 
M
t ′1OX ⊗ B ⊕ · · · ⊕ t ′nOX ⊗ B

ky
= 0
(recall that M is of finite type).
By Lemma 3.7 for each s ∈ SpecB, Ms is locally free of rank n. Then,
we obtain for each y ∈ X × SpecB an isomorphism Mky ' kyn.
From the exact sequence (3.8.2) we obtain
H0
(
X × SpecB;M = t1B⊕ · · · ⊕ tnB ⊕H0(X × SpecB;M−p:
Thus, bearing in mind the surjective morphism (3.8.1), if t1; : : : ; tn is not a
basis in Mky then one can find z1; : : : ; zn ∈ H0X × SpecB;M−p
such that t1 + z1; : : : ; tn + zn would be a basis in Mky. By taking t ′i =
ti + zi, we conclude.
We are now able to prove the main statement of this section, namely,
that F (and therefore bMn∞) is a closed subfunctor of Grb∞n; bO∞n.
Theorem 3.9. The functor F is representable by a closed subscheme bMn∞
of Grb∞n; bO∞n.
Proof. Since the condition L ′ ⊂ L defines a closed subscheme in
Grb∞n; bO∞n, by taking a ·L = L ′ for all a ∈ O∞ we conclude.
As a consequence of Remark 2, it is easy to check thatbMn∞ = a
d∈
bMn; d∞ ;
where bMn; d∞ is the moduli scheme of vector bundles of rank n and degree
d, with ∞′-formal level structures.
If x ∈ X is a point of X, one can translate these results to the functorbMxn = lim←−
m∈
MnmxS
(MnmxS is defined in 3.1) and to the infinite Grassmannian Grktn;
ktn, V = ktn, and F = tmktn with m ∈ , seeing that bMnbx is
representable by a closed subscheme of the infinite Grassmannian. More-
over, bearing in mind Lemma 3.4 of [BeL] and the above results, we have
that Slnkt/SlnAx is a closed subscheme of the infinite Grassman-
nian Grktn; ktn. In some sense, the ind-group scheme SlnAx is
a parabolic subgroup of Slnkt. Ax = 0X − x;OX and t is a local
parameter for x ∈ X.
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4. IMMERSION OF DRINFELD MODULI SCHEMES
IN THE INFINITE GRASSMANNIAN
Now, k is a finite field q. Let S be an q scheme.
Definition 4.1. [Dr1], [Mu]. An elliptic sheaf is a diagram of vector
bundles of rank n over X × S:
· · · M−1 M0 · · · Mn · · ·
· · · F∗M−2 F∗M−1 · · · F∗Mn−1 · · ·
i0 i1 in in+1
F∗i−1 F∗i0 F∗in−1 F∗in
τ τ τ
satisfying:
(a) For any s ∈ S, degM−1s = ng − 1.
(b) For all i ∈ , Mi+n =Mi∞=M ⊗OX×S OX∞⊗
k
OS.
(c) Mi + τF∗Mi =Mi+1 (τ is a morphism of OX×S-modules).
Definition 4.2. A D-level structure in an elliptic sheaf is a D-level
structure in each vector bundle Mj , compatible with the diagram which
defines the elliptic sheaf. I.e., a D-level structure, f jD, for each vector bun-
dle Mj , such that f
j+1
D · τ = F∗f jD and f j+1D · ij+1 = f jD.
It is not hard to see that if a Drinfeld diagram has a D-level structure
then, for all i ∈ , Mi/τF∗Mi−1D×S = 0.
Remark 3. It is known that there exists an equivalence of categories,
which commutes with base change:8<: Drinfeld modules of rank n over Swith characteristic away fromsupp(D) with an ID-level structure
9=;
↔
8>><>>:
Elliptic sheaves of rank n over S
s.t. Mi/τF∗Mi−1D×S = 0
for all i, with a twisted D-level
structure
9>>=>>; :
A twisted D-level structure on a locally free OX×S-module M is a surjec-
tive morphism of OX×S -modules
fDx M → 1X/1X−Dn⊗
k
OS:
For commodity in the notation, we shall work with the definition of level
structure given in 4.2. With an easy modification the results of this section
can be changed for twisted D-level structures.
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Let us consider the moduli functor of elliptic sheaves with ∞′-formal
level structures bDn∞ = lim←−
D>0
∞ 6∈ suppD
DnD;
where DnD is the moduli functor of elliptic sheaves with level structures on
the effective divisor D.
Regarding Remark 3 and the results of the above sections, we shall
show that the moduli functor of elliptic sheaves with ∞′-formal level
structures is representable by a subscheme of the infinite Grassmannian
Grb∞n; bO∞n.
We wish to prove:
Theorem 4.3. There exists an injective morphism of functors in the cate-
gory of q-schemes
ψx bDn∞ ↪→ Grb∞n; bO∞n
such that bDn∞ is a locally closed subfunctor of Grb∞n; bO∞n. Therefore,bDn∞ is representable by a locally closed scheme bDn∞ of Grb∞n; bO∞n.
Proof. To prove this theorem we need a previous result about∞′-formal
level structures:
If M;f∞ and M ′; f ′∞ are two ∞′-formal level structures on X × S,
L and L ′ the discrete submodules associated with these ∞′-formal level
structures (Lemma 3.4), and
gx M;f∞ −→ M ′; f ′∞ is a morphism between these level structures,
i.e., a commutative diagram of sheaves of OX×S-modules
M M ′
O∞S n O∞S n
g
=
Id
f∞ f∞
then g is unique. Moreover, the morphism g exists if and only if L ⊆ L ′.
We shall now prove the theorem. If E; f∞ denotes the elliptic sheaf
together with a ∞-level structure
· · · M0; f∞0  · · · Mn; f∞n  · · ·
· · · F∗M−1; F∗f∞−1 · · · F∗Mn−1; F∗f∞n−1 · · ·
i0 i1 in in+1
F∗i−1 F∗i0 F∗in−1 F∗in
τ τ
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then with the results of the last section this diagram gives a diagram of
discrete submodules
· · · L0 · · · Ln · · ·
· · · σ∗L−1 · · · σ∗Ln−1 · · ·
where Li = ϕMi; f∞i  (ϕ being the Krichever morphism of Lemma 3.4)
and the arrows are natural inclusions.
ψ is defined as follows:
ψE; f∞ = ϕM0; f∞0 :
The injectivity of ψ follows easily from (b) and (c) of Definition 4.1 and
by noting that g is fixed for the ∞′-formal level structure.
We shall now check that bDn∞ is a locally closed subfunctor of the Grass-
mannian Grb∞n; bO∞n: trivially the image functor of ψ lies in bMn∞.
The necessary and sufficient condition for an element
L ∈ bMn∞S ⊂ Grb∞n; bO∞nS
to be in ImgϕS is that:
(1) For all 1 ≤ i ≤ n, σ∗iL ⊆ m−1∞ L (here we have used the fact
that the discrete submodule associated with Mn; f∞n  = M0∞; f∞0 ⊗ 1
is m−1∞ L0).
(2) For all s ∈ S and 1 ≤ i ≤ n
dimksm−1∞ L/L + · · · + σ∗iLks ≤ n− i:
Now, bearing in mind that given two discrete submodules L and L ′ in
b∞S n, the subset of S where L ⊆ L ′ is a closed subscheme of S, one can
check that an element of bMn∞S fulfills condition (1) in a closed subscheme
of S, and that by Nakayama’s lemma, applied to m−1∞ L/L + · · · + σ∗iL,
condition (2) is fulfilled in an open subscheme of S.
m−1∞ L/L + · · · + σ∗iL is a finite OS-module because there exists a
surjective morphism of OS-modules
m−1∞ L/L → m−1∞ L/L + · · · + σ∗iL
and, as m−1∞ L/L ' pi∗M∞/M, we conclude. M is the vector bundle
associated with L .
This paper contains results from my Ph.D thesis supervised by
J. M. Mun˜oz Porras.
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